Estimates of potential output and the neutral short-term interest rate play important roles in policy making. However, such estimates are associated with significant uncertainty and subject to significant revisions. This paper extends the structural multivariate filter methodology by adding a monetary policy block, which allows estimating the neutral rate of interest for the U.S. economy. The addition of the monetary policy block further improves the reliability of the structural multivariate filter. JEL Classification Numbers: C51, E31, E52
I. INTRODUCTION
Estimates of potential output and the output gap are both difficult to produce, but key for macroeconomic policy making. 2 Accordingly, the subject has generated a large academic and policy literature. This paper builds on the work by Alichi and others (2017) , who developed a structural multivariate filter that brings to bear a Phillips curve, a dynamic Okun's law, and an equation that links the output gap to capacity utilization.
3 They showed that the structural multivariate filter outperforms univariate filters, such as the Hodrick-Prescott (HP) filter, in that it provides more reliable real-time estimates of potential output and the output gap. The advantage of a structural multivariate filter over an HP-type filter is that the multivariate filter incorporates structural relationships between macroeconomic fundamentals, and is flexible to incorporate additional information (such as capacity utilization, inflation expectations, and in the model presented below, monetary policy). This paper extends the multivariate filter methodology by adding a monetary policy block. This block brings in short-and long-term interest rates (i.e., the term structure), and a monetary policy reaction function to capture policy responses to relevant cyclical developments. This addition provides us with a fuller and more structural description of the dynamics of the output gap, compared to the earlier models in which the policy response was, at best, implicit. The model developed in this paper estimates a deeper and prolonged post-global-financial-crisis output gap compared with the same model without a monetary policy block.
The remainder of the paper is organized as follows. Section II summarizes the new model, called MPMOD (short for Monetary Policy Model), discusses key relationships, and reports the estimation results. Section III compares model results against a univariate filter, and against a multivariate filter without a monetary policy block. Section IV presents the impulse response analysis. Section V concludes.
II. MPMOD
MPMOD is an extension of the multivariate filter model presented in Alichi and others (2017) . The original model includes a Phillips curve, a dynamic Okun's law equation linking the unemployment gap to the output gap (Okun, 1962) , and an equation linking the output gap to the Fed's measure of capacity utilization in the manufacturing sector. The stochastic process for GDP includes a persistent cyclical component as well as two shocks that permanently change the level of potential output (a level shift, and a persistent, though not permanent, deviation from the long-term growth rate). In this paper, we extend that model to include a monetary policy reaction function for interest rate on the one-year government bond and a model for the 10-year government bond yield. This allows us to estimate and project both the short-term (one-year) equilibrium real interest rate and the 10-year government bond term premium.
The details of the model are provided in Appendix A, and only the new monetary block is discussed in this section. The list of standard macro variables includes real GDP, the unemployment rate, consumer price inflation, the Fed's survey of manufacturing capacity utilization, the one-year government bond yield, and the 10-year government bond yield.
The output gap ( � ) is defined as the deviation of real GDP, in log terms ( ), from its potential level ( ):
The stochastic process for real GDP is defined by three equations, (2)-(4), and three types of shocks:
The level of potential output ( ) evolves according to a stochastic process for trend potential growth ( �, ) and a simple level-shock term ( �, ). Trend potential growth is subject to shocks ( � , ) whose impact fades gradually away depending on the parameter � (a lower value of which means a slower adjustment back to the steady-state growth rate following a shock). Both the shock to trend potential growth ( � , ) and the shock to the level of potential output ( �, ) result in unit roots in potential output and GDP.
Finally, the output gap ( � ) is a function of contemporaneous and lagged values of the oneyear real interest rate gap (� 1 ), which in turn is the deviation of the short-term interest rate from its equilibrium level. The output gap equation also incorporates shocks to trend potential growth � � , � and shocks to the level of potential output � �, �. The specification intends to replicate the insights from structural DSGE models, where anticipated increases in future productivity growth � � , � can, in the short-to-medium term, result in larger increases in aggregate demand than potential output as consumers and firms respond to higher expected levels of future income and demand (Juillard and others, 2007) . In the same DSGE models, pure level shocks to potential output � �, � that raise productivity once and for all reduce the marginal costs of production and inflation in the short run. GDP is also subject to demand shocks ( �, ), which raise aggregate demand in the economy by more than potential.
Equation (5) is the monetary policy interest rate reaction function. The one-year nominal interest rate ( 1 ) responds to the deviation of inflation ( ) from target ( ) and the output gap ( �). The reaction function captures the dual mandate of the Federal Reserve:
The two shocks in this equation are: 1 , which captures interest rate movements unexplained by all the elements in the reaction function; and , which is designed to explain interest rate hikes due to the transition from a high to a low inflation regime that happened in the early 1980's and 1990's.
The real one-year interest rate ( 1 ) is defined as the difference between the nominal oneyear interest rate and expected inflation:
Expected inflation is modeled as a linear combination of model-consistent expected inflation and lagged actual inflation:
The equilibrium real interest rate (��� 1 ) is modeled as a slow-moving autoregressive process (i.e., with high ��� 1 ), which reverts to its long-run steady-state level (��� ) and is also subject to a shock ( 1 , ):
The model allows the long-term bond yield to shed light on the estimates of the equilibrium real interest rate. Based on the expectations theory of the term structure, the interest rate on 10-year government bonds is the sum of the average of expected future one-year interest rates, a term premium ( ), and a transitory shock to the 10-year interest rate ( 10 ):
The term premium follows a slow autoregressive process (i.e., with high ) towards its long-run steady ( , ), subject to a shock ( , ):
To the extent that forecasters see through the effects of temporary supply shocks on inflation and have a view about how output gaps affect inflation, information from Consensus forecasts helps us identify the structural shocks affecting the inflation equation. In addition, Consensus forecasts of future GDP growth can help us identify shocks that directly affect the output gap versus shocks that can have permanent and highly-persistent effects on the underlying trend growth rate of potential output. The Consensus forecasts are modeled as MPMOD's forecast for the CPI and GDP plus a measurement error. For example, Consensus forecasts for CPI inflation one year ahead would be equal to the structural model's forecast for CPI inflation plus a measurement error. The variances of the measurement errors are based on the historical forecast errors from Consensus forecasts.
The full model, including the new monetary block, is estimated with annual data covering the period from 1980 to 2016. We use annual instead of quarterly data to avoid problems with noise in high-frequency measures of inflation and also because Consensus Economics publishes annual forecasts for GDP growth and CPI inflation. We use 5-year-ahead CPI forecasts as a measure of the perceived long-term inflation target. This information helps to identify the underlying structural shocks of the model and changing perceptions of the inflation target in the monetary policy reaction function. nonfarm business, households and nonprofit institutions, government, farm, and housing (see CBO papers, 2001 CBO papers, , 2014 . The output gaps from the MPMOD and the CBO are highly correlated, but the MPMOD's estimates are larger, on average, by about 0.8 percentage points. The periods of excess demand from MPMOD typically preceded increases in inflation and hikes in the monetary policy interest rate. The two models' estimates of potential growth are also highly correlated-both move partly with trends in actual growth, with the CBO's estimates implying higher potential growth in the early 1980s and late 1990s. Estimates of the NAIRU from both models trend down, with the CBO's estimates being slightly lower at the end of the sample. Note that the CBO's estimates include a temporary increase in the NAIRU during the global financial crisis. These small differences in the NAIRU estimates do not materially affect recent potential growth or gaps. To see this, Figure  2 presents estimates of the MPMOD output gap and potential growth, taking the CBO estimates of the NAIRU as an observable variable. The results are almost unchanged. The MPMOD multivariate filter produces more robust real-time estimates of potential output and output gap than a univariate HP filter does. illustrates the so-called end-point problem that plagues the HP filter, which essentially extrapolates its last (end point) estimate. Some insight into this behavior can be gleaned by examining the HP filter in a state space representation applied to the log of GDP:
The HP filter decomposes the actual GDP level into trend and gap components (equation 12). The first difference of the trend GDP, its growth rate, is assumed to be a random walk (equation 13), while the GDP gap is assumed to be white noise (equation 14). The smoothness of the trend is pinned down by explicitly specifying the signal-to-noise ratio (Λ, equation 15) . From this, it is clear that whenever there is a shift in output growth, the HP filter assumes it is permanent and forecasts accordingly. Unless growth is stable, or the practitioner intervenes to adjust the results in an ad hoc way, this leads to large revisions. Before the global financial crisis, the U.S. economy was operating above potential, pushing inflation up. As a result, monetary policy tightened moderately. The global financial crisis that started in late 2008 pushed U.S. economy into a deep recession. The unemployment rate rose sharply and capacity utilization in the manufacturing sector dropped. In response, monetary (and fiscal) policy became markedly expansionary.
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After the great recession, GDP grew faster than potential and the (negative) output gap narrowed correspondingly. However, the inflation rate has remained below target. Under such circumstances, monetary policy was correctly accommodative. MPMOD estimates indicate that the U.S. output gap is now almost closed and the unemployment rate is almost at the NAIRU. The model suggests that for the next few years the output gap will go positive and the unemployment rate will fall below the NAIRU. 
IV. IMPULSE RESPONSE ANALYSIS
Figures 6, 7, 8, and 9 depict impulse responses to the shocks on: the output gap, the level of potential, the growth rate of potential, and the perceived inflation target.
In Figure 6 , we consider a one-standard-deviation positive demand shock to output ( , ), which causes output to temporarily deviate from its steady-state level. There is by construction no change in potential output. The positive output gap pushes inflation up by nearly 0.2 percentage points. In response to this shock, monetary policy tightens and the short-term interest rate rises by more than 0.3 percentage points. This is transmitted to the long-term interest rate through expectations. The long-term interest rate goes up by 0.1 percentage points. Figure 7 illustrates a one standard deviation positive shock to the level of potential output. The potential output level shock pushes demand up as economic agents start to consume and invest more, but initially supply rises more than demand and output gap becomes negative. In the Phillips curve equation, the increase in productivity lowers marginal costs, which also pushes inflation down. In response, monetary policy loosens. The short-term interest rate decreases by 0.04 percentage points. Figure 8 illustrates a shock to the growth rate of potential output ( � , ), which causes an increase in potential output growth for several periods until the impact fades out and growth returns to its (unchanged) steady-state. As in the previous shock, consumers and firms recognize that their permanent incomes are higher and so increase consumption and investment. Unlike the previous shock, however, potential output does not rise immediately and a positive output gap opens up. Inflation rises and monetary policy tightens.
Finally, figure 9 illustrates a negative shock to the inflation target by one percentage point, which causes monetary policy to tighten. Tighter monetary policy reduces real output temporarily, but it eventually returns to (unchanged) potential. By that point, inflation has fallen to the new target. 
V. CONCLUDING REMARKS
This paper extends the multivariate filter approach for measuring potential output developed by Alichi and others (2017) by adding a monetary policy block (MPMOD). This addition provides more structural description of dynamics of the output gap and allows monetary policy to interact with demand and supply shocks. The addition of the monetary block generates estimates of the post-global-financial-crisis recession that are deeper and more prolonged. As with other multivariate filters, MPMOD produces more reliable real-time estimates than an HP filter, and the addition of the monetary policy block further improves the reliability of the structural multivariate filter.
Additional extensions of the multivariate filter model are underway. Alichi and others (2018a) add a production function and disaggregate full-employment labor inputs into the participation rate, the NAIRU, and labor force population. Alichi and others (2018b) extend the basic model to allow for partial hysteresis in the labor market. Finally, Alichi and others (2018c) show how the model can be extended to incorporate information about the financial cycle.
APPENDIX

A. MPMOD Equations
The core data for the model are: GDP, CPI, the unemployment rate, the capacity utilization rate in the manufacturing sector, and short-and long-term interest rates. We measure the data at annual frequency to reduce the noise in the quarterly data. In addition, we use data from Consensus forecasts of annual CPI inflation and real GDP growth to help better identify supply and demand shocks and deal with end-point problems. In this section, we present the equations of the model. Parameter values and the standard errors of shock terms for these equations are estimated using Bayesian estimation techniques and are provided (see Table B1 and B2).
The output gap is defined as the deviation of real GDP, in log terms ( ), from its potential level ( ):
The stochastic process for output (real GDP) is defined by three equations, (17)- (19), and three types of shocks:
The level of potential output ( ) evolves according to trend potential growth ( �, ) and a level-shock term ( �, ). Potential growth is also subject to shocks ( � , ), whose impact fades gradually according to the parameter � (a lower value means a slower adjustment back to the steady-state growth rate following a shock). Finally, the output gap ( � ) is a function of contemporaneous and lagged values of the one-year real interest rate gap (� 1 ) which is the deviation of short-term interest rate from its equilibrium level. The output gap equation also incorporates shocks to potential growth � � , � and shocks to the level of potential output � �, �. It is also subject to shocks ( �, ), which are interpreted as demand shocks (raise demand). A stylized representation of how GDP responds to each shock term is expressed graphically in Figure A1 : Figure A1 . Shocks to the Level and Growth Rate of Potential Output, and to the Output Gap
Source: Authors' construction.
In the absence of a shock, output follows its steady-state path, which is shown above by the solid blue line (which has a slope of � ). However, any of the three shocks causes output to deviate from this path. A shock to the level � �, � will raise (or, if negative, lower) potential output once and for all (as in the dashed blue line). A shock to the growth rate of potential � � , �, illustrated by the dashed red line, raises the growth rate of potential. However, the growth rate ultimately returns to the steady state, resulting in a rise in the level of potential output that depends on the size of the shock and the speed with which its effect decays. A shock to the output gap � �, � causes a temporary deviation of the level of output from the level of potential, as shown by the dashed green line.
In order to help identify the three output shock terms, a Phillips Curve equation for inflation ( ) is added, which links the evolution of the output gap (an unobservable variable) to observable data on inflation, according to the process: 
The last term allows the model to mimic the effects of shocks to productivity which lower marginal cost and therefore reduce inflation.
The inflation target, which can be time-varying, is modeled as a random walk:
The measure of inflation expectations that is used to calculate the real return on financial instruments is modeled as a linear combination of model-consistent expected inflation and lagged inflation:
The real one-year interest rate is defined as the difference between the nominal one-year interest rate and expected inflation:
To close the model, we introduce a policy interest rate reaction function, where the one-year nominal interest rate responds to the deviation of inflation from target and the output gap:
The equilibrium real interest rate is modeled as a slow-moving autoregressive process that reverts to its long-run steady-state level (��� ).
(27
The model allows for longer-term bond yields to shed light on the estimates of the equilibrium real interest rate. Based on the expectations theory of the term structure, the some countries in recent years (Riggi and Venditti, 2014) . Although the methodology in this paper does not allow for time variation in parameter estimates, modest changes in the estimated value of the parameter , on its own, do not materially change the estimates of potential output and the output gap.
interest rate on 10-year government bonds is modeled as the sum of the average expected future short-term interest rates over 10 years and a term premium.
Here, is the equilibrium value of the unemployment rate (the NAIRU), which is time varying, and subject to shocks ( �, ) and to variation in its trend ( �, ), which is itself also subject to shocks ( � , ). This specification allows for long-lasting deviations of the NAIRU from its steady-state value.
Most importantly, equation (34) specifies an Okun's law relationship wherein the gap between actual unemployment and its equilibrium rate (given by � ) is a function of the output gap ( � ).
Finally, we incorporate information from measures of capacity utilization rates in the manufacturing sector to help shed some light on the overall slack in the entire economy at a given point in time.
In the above, ̅ is the equilibrium value of the capacity utilization rate, which changes over time, and is subject to shocks ( ̅ , ). The equilibrium capacity utilization rate grows at ̅ , , which is itself also subject to shocks ( � , ), with their impact fading gradually according to the parameter 2 . This specification allows for permanent movements in the equilibrium capacity utilization rate. The capacity utilization gap, which is meant to capture the economic slack in the manufacturing sector, should be correlated with the measure of the overall economic slack in the economy ( � ).
Equations (16)- (38) comprise the core of the model for the output gap and potential output. In addition, data on growth and inflation expectations are added to help identify shocks, and to improve the accuracy of the estimates at the end of the sample:
, + = + + , , j = 1,…,5
For real GDP growth ( ), the model is augmented with forecasts from Consensus Economics for five years following the end of any particular sample of historical observations. For inflation, expectations data are added for 5-year-ahead whenever such survey data is available. These equations relate the model-consistent forward expectation for growth and inflation ( + and + ) to observable data on how various forecasts expect these variables to evolve over various horizons (one to five years ahead) at any given time ( + and + ). The 'strength' of the relationship between the survey data and the model's forward expectation is determined by the standard deviation of the error terms ( , + and , ). In practice, setting non-zero variance of these terms allows Consensus data to influence, but not completely override, the model's expectations, particularly at the end of the sample period. In a way, the incorporation of survey data can be thought as a heuristic approach to blending forecasts from different sources and methods. The resulting impact of this information on the historical estimates of potential and the output gap can be significant, as shown in the following section. Figure C1 . RMSE of Consensus Forecasts
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